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Abstract 

The problem of blackbody radiation in flat space with non-compact extra dimensions was anal- 
ysed recently. In the present article we reanalyse this problem with compact (and non-compact) 
extra dimensions in flat space to observe the consequences of this approach upon Wien's displace- 
ment and Stefan-Boltzmann law. 
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I. INTRODUCTION 



The common sense tell us and most physical theories assume that the space we live is 
three dimensional. Newton, in his Principa, assumed a three dimensional absolute space, 
besides an absolute time. The electromagnetic theory was developed on a three dimensional 
space with an independent time. Einstein revolutioned the concepts of space and time with 
the theory of relativity. In the special and general theories of relativity the space-time 
is supposed to be four dimensional. These theories have been tested and confirmed by 
experience, in a certain domain of validity. 

Kaluza and Klein, in the 1920's proposed a model in a five dimensional space-time to 
unify gravity, described by the general theory of relativity, with Maxwell's electromagnetism. 
In this model, the fifth dimension is compactified on a circle of a given radius, while the 
other four non-compact dimensions are identified with our usual space-time. 

String theory is presently the most viable candidate for unifying gravity with the others 
fundamental interactions, described by quantum field theories. String theory requires a 
higher dimensional 9+1 space-time l^]- Usually, the six extra spatial dimensions are 
supposed to be compact, with a compactification parameter related to the Planck scale. 

About a decade ago, different models have been proposed to deal with the compactifica- 
tion problem in string theory, keeping the extra dimensions compact 0, 4| or non-compact 
5|,l6j. Various predictions of these models will be tested in the forthcoming LHC experiment, 
with beams at the 15TeV scale. 

Another way to test the predictions of string theory is to look at the physics of low energy 
processes. It is expected that, in some way, string theory could reproduce the physics we 
observe in our everyday life. Recently, the behaviour of the Wien's displacement and the 
Stefan-Boltzmann law in a space with non-compact extra dimensions was analysed [2,8]. In 
these works, it was shown that the Wien's displacement and the Stefan-Boltzmann law are 
sensitive to the number of non-compact extra dimensions. Here, we reanalyse this problem 
considering compact and non-compact fiat extra dimensions. 
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II. CAVITY RADIATION 

A blackbody can be defined as a body whose surface completely absorbs all radiation 
falling upon it. As a consequence, all blackbodies emit thermal radiation with the same 
spectrum. In order to study its single properties we consider a small orifice connecting an 
isothermal enclosure to its outside as its simplest example. Here we consider a blackbody 
immersed in a D-dimensional flat space and assume that the enclosure in question is a 
hyper-parallelepiped with D dimensions. 

The spectral energy density Pt{^) is the energy contained in the interval of frequencies 
between v and v -\- dv per frequency and volume inside an isothermal enclosure maintained 
at temperature T. It is proportional to the spectral energy rate per unit area of the orifice, 
which must have the same behaviour of a blackbody since it absorbs almost completely all 
radiation falling upon it: 



These are related by geometric factors and the speed of light, but the exact relation is 
irrelevant for our discussion. 

Let us consider the electromagnetic radiation inside the enclosure as standing waves. 
Then, for each wave, we will deal with D — 1 possible directions of polarisation for the 
electric field. Choosing a system of orthogonal Cartesian coordinates with origin at one of 
the enclosure's vertices, whose edges with length are parallel to its axes Xj, we take the 
i-th component of the electric field as: 



We assume that the components of the electric field satisfy the Dirichlet boundary condition 
Ei{ii, t) = on the cavity walls, which implies 

J^^^i (3) 

and rii = 1, 2, 3, ... represent the possible modes of vibration. 

Note that if the space is non-compact (infinite) there are no restrictions on the size of the 
enclosure's edges. But if the space is compact (finite) the enclosure's edges must be minor 
or equal to the sizes of the corresponding dimensions. 

Considering the standing waves as components of a plain electromagnetic wave (with 
wavelength A), such that 9i are the angles between the propagation direction and the axes 




(1) 
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Xi, so Xi = A/cos 6'j. Substituting this relation in ([3]), taking the square and summing over 
all spatial dimensions one finds: 



(4) 



which is the equation of a hyper-ellipsoid. 

Building a D-dimensional Cartesian net of points P{ni,n2,...,nD) '^'^^^ possible modes of 
vibration, in a way that the adimensional square distance from P to the origin is given by 



D 



= in analogy with the three dimensional case [o], [lo| Note that one can define a 

1=1 

D 

characteristic length ic such that ^£j^cos^6'i = ic^. Then, the above equation reduces to 

21 



1=1 



-u = r . 



(5) 



The number of points contained between two concentric spherical shells of radius r and 
r + dr, N{r)dr, in one D-dimensional octant is 

1 



N{r) dr = ^n(^n) r'^-'dr , 



(6) 



once the point density in this space is equal to unity, and Vl^o) is the hyper-solid angle in 
D- dimensional space. The number of standing waves between frequencies v and v + dv is 
then 

(7) 



N{v)dv = {D-l)^^{A v^'-^dv. 



where we used that VI(^d) = 27r-^/^/r(y). Since the average energy obtained by Planck for 
each standing wave is hi'/{e^ — 1), the spectral energy density is 



PT{i^)dh' 



2h{D - l)(v^4z/; 



D 



-dv . 



c^r(f)(ew-i)(nf.,£.) 

Now, we can make an appropriate linear transformation over the Cartesian axes 
MijXj given by the D- dimensional matrix 



(8) 



M 



I ■■■ 
1^ ■■■ 











(9) 
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D 

V D _ 

-c 

i=l 



Imposing that this transformation preserves the volume, which imphes that det M = 1, one 
has 

n^- (10) 

Using this result in eq. ([H]) we finally find that the spectral energy density of a blackbody 
in a D-dimensional compact space is given by 

, , 2hiD-l){J^vf , , 

= Li^M^ ^ ■ ^^^^ 
c^r(y)(efcT - 1) 

This outcome states that the spectral energy density and, consequently, the spectral 
radiance emitted through the enclosure's orifice are independent of its size or shape, as 
expected once the blackbody radiation is universal. 

III. GENERALIZED WIEN'S DISPLACEMENT AND STEFAN-BOLTZMANN 
LAW 

According to eq. ([1]), the maximum of the spectral radiance is obtained from the derivative 
of eq. (fTT!) with respect to the frequency z/: 

z^-\e' D - D - ze') = (12) 

where z = hv/kT , so that 

The above equation has a non-trivial solution z = zd for any value oi D {D > 1). Therefore, 

= (14) 

^ kT ^ ^ 

where Umax is the value of the frequency u for which the spectral radiance is maximum. 
Then, 

Umax OC T. (15) 

which is the usual Wien's displacement, valid for any dimension. Note that the constant of 
proportionality, given by eq. f|T^ . depends on D. 

The total radiance emitted by a blackbody surface corresponds to the integral of Rt{i^) 
over all the frequencies u. Integrating eq. f|TT]) . we get 



Pr = aBT^+S (16) 



where the constant is given by 



(^1 cp+i)r(D+i) (17) 



2(D-l)A;^+YA''' 
f(f) 

and C(a^) is the zeta function defined by 



1 /"OO — 1 

C(^) = frT/ ^^d^- (18) 

r(x) JO — 1 

Since px oc -R-r, one finds 

Rr^ = aDT^+^ (19) 

which is the Stefan-Boltzmann law generahzed for D compact or non-compact spatial di- 
mensions, where 

These results coincide with the ones obtained in j3, Q] considering non-compact extra di- 
mensions. 



IV. CONCLUSIONS 

Like initially proposed, we derived Wien's displacement and Stefan-Boltzmann law as- 
suming a D-dimensional compact (or non-compact) space. Our results indicate a dependence 
on the space dimensions which seems to be in contradiction with the experiments. In the 
Stefan-Boltzmann law the total radiance is proportional to the fourth power of the temper- 
ature, implying that in our analysis we might have D = 3. 

Though experimental results are consistent with a 3-dimensional space, it is relevant to 
take notice that no special kind of curved dimension was taken into account here, which 
could significantly modify the above results. 

The modern interpretation of our world from string theory point of view is that strings 
living in a (curved) ten dimensional space-time are dual to four dimensional gauge theories, 
which describe the fundamental interactions. This way, the string theory can be regarded as 
a mathematical description of our four dimensional reality, as suggested by Polyakov 

Anyway, the forthcoming LHC experiment will test the existence of extra dimensions 
among other predictions on the fundamental interactions. 
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